In the alternating group A n , n = 4k + 1 > 5, the class C of the cycle (12-n) has the property that CC covers the group. For n = 16k there is a class C of period n/4 in A n such that CC covers A n C is the class of type (4k) 4 .
3.
A lemma. In §3 and §4, C will denote the class of the cycle a = (12-n) in A n .
LEMMA. If n =4k + l>5, then CC contains the type 2 2k V.
Proof. If n = 1 (mod 8), then x = (nn -3 n -2 n -1, n -4 n -7 n -6 n -5; ••• 9678, 5234; 1) is conjugate to a and ax =(13)(24)(57)(6 8) (n-4n-2)(n-3 n -1).
If n = 5(mod 8), n > 13, then y = (nn-3 n-2 n-\, n-4 n -Ί n-6 n- 5;  21 18 19 20,   17 14 15 16; 13 96 10, 12 78 11; 5234, 1) is conjugate to a and ay =(1 3)(2 4)(5 10)(68)(7 11)(9 12)(13 15)(14 16) (n-4n-2)(n-3 n -1).
If n = 13 use the last 13 letters of the above y. (The pattern of y differs from that of JC only in the last block of 8 letters between semi-colons, 13 9 11, in which the number of reversals is odd, whereas in every other such block of 8 letters in either x or y, the number of reversals is even.)
4. The induction. The induction proceeds from n -4 to n = 4k + 1. The induction hypothesis is: For every permutation T in Λ π _4, there are two (n -4)-cycles d x and d 2 , both in the class of the (n -4)-cycle (12 n-6n-5n-4), and also two other (n -4)-cycles d [ and d' 2 , both in the class of (1 2 n -6 n -4 n -5), such that
Let 5 (^ 1) be a permutation in A n . To show that CC contains 5 we consider several cases. In each case we find a conjugate Si of 5, and a certain permutation g in A n9 such that T = Sig" 1 fixes the letters n, n -1, n -2, n-3 and thus its restriction to 1,2,
, n -4 lies in A n -4 .
Case 1. 5 contains a cycle with 5 or more letters: take g =(n n -I n-2n-3n-4).
Case 2. S contains no cycle with 5 or more letters, but 5 contains at least one cycle with 4 letters: take g =(nn-l n-2 n -3)(n -4 n -5).
Case 3. 5 contains no cycle with more than 3 letters, but S does contain two 3-cycles: take g=(nn-ίn-2)(n -3 n -4 n -5).
Case 4. 5 is of type V2 2k -2 l 2 : take g=(nn-l n-2). Now, if S contains no cycle longer than a transposition, either S is of type 2 2k I 1 , whence CC contains 5 by the lemma, or we have
Case 5. 5 fixes 5 or more letters: take g = 1.
The argument in Case 5 is quite simple. Since S fixes 5 or more letters, S has a conjugate Si that fixes n, n -1, n -2, n -3. Hence by the induction hypothesis Si = d x d 2 , where d x and d 2 both fix n, n -1, n -2, n -3, and can be expressed
where the permutation a, -• b t is an even permutation of the letters 1,2, , n -5. Then 5j = d 3 d 4 , with d 3 = (a x a 2 a n -5 n n -1 n-2n-3n-4),
and d with h=(n-5n-3n-2){n -4 n -1 n). Then d 3 and d 4 are both n-cycles. It has only to be checked that they are in the same class in A n to do this is tedious, but straightforward. To complete the proof in this case we observe that since S contains two 3-cycles and Si = d 3 d 4 , the decomposition SΊ = d\d\ can be obtained by applying a certain outer automorphism of A n .
In the only remaining case, S fixes 2 letters, and therefore has a conjugate Si such that T = Sig" 1 fixes n, n -1, n -2, n -3, n -4.
Again we have T = d x d 2 , where we can write d, = (έi, a n . 6 n -4 n -5), d 2 = (ίv bn-6 n -5 n -4), and where the permutation α t -> fc t is an odd permutation of the letters 1,2, , π -6. Then Sj = Γg = d 3 d 4 , with
and these belong to the same class. By priming we again conclude CC contains S, and the proof is complete in all cases. Hence Theorem 1. One can ask how small a period is possible for a class C with property (1) . The first result in this direction was that of Xu [4] who found such a class with period n -3 if n is odd and period n -2 if n is even. From the result of Bertram quoted in the introduction, it follows that the smallest period of such C is ^3n/4. While Theorem 2 does not give covering for all n, it nevertheless yields, among classes C in A n satisfying (1) From the other direction we have shown [3] that for n > 6 there is no class C in A n having property (1) and period 2, and if n = 12/c -h 10 there is no such class of period 3. There may be such a class of period 4, however. More precisely, we conjecture that for n = Sk, the class C = 4 2k has the covering property (1) .
Covering

